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APPLICATIONS OF THE AFFINE STRUCTURES ON THE
TEICHMU¨LLER SPACES
KEFENG LIU, YANG SHEN, AND XIAOJING CHEN
Abstract. We prove the existence of global sections trivializing the Hodge bundles on
the Hodge metric completion space of the Torelli space of Calabi–Yau manifolds, a global
splitting property of these Hodge bundles. We also prove that a compact Calabi–Yau
manifold can not be deformed to its complex conjugate. These results answer certain
open questions in the subject. A general result about certain period map to be bi-
holomorphic from the Hodge metric completion space of the Torelli space of Calabi–Yau
type manifolds to their period domains is proved and applied to the cases of K3 surfaces,
cubic fourfolds, and hyperka¨hler manifolds.
Introduction
As applications of our recent results about the affine structure on the Teichmu¨ller
spaces of Calabi–Yau manifolds, we answer certain open questions mentioned in the above
abstract brought to us by Professors Bong Lian and Si Li affirmatively.
In our recent papers [1, 2], we studied the period maps and the Hodge metric completion
spaces on the Torelli spaces of Calabi–Yau and Calabi–Yau type manifolds, respectively.
In [1, 2], we have proved global Torelli theorems on the Torelli space of Calabi–Yau
manifolds and Calabi–Yau type manifolds. Our method works without change for more
general Calabi–Yau manifolds such as hyperka¨hler manifolds, as long as their moduli
spaces with certain level structure are smooth. Such Torelli problem has been studied for
a long time. One may refer to [3] for a brief summary of the history of Torelli problem.
The main object we are considering in this paper is Calabi–Yau manifold. In this paper,
a compact projective manifold M of complex dimension n ≥ 2 is called Calabi–Yau, if
it has a trivial canonical bundle and satisfies H i(M,OM ) = 0 for 0 < i < n. Although
we mainly focus on the study of the moduli spaces of polarized and marked Calabi–Yau
manifolds, we remark that our method in this paper works without change for more
general Calabi–Yau manifolds such as hyperka¨hler manifolds, as well as Calabi–Yau type
manifolds such as cubic fourfolds.
The key property we proved in [1] will be recalled in Theorem 2.2 in §2 in this paper.
Based on this theorem, we were able to construct the holomorphic affine structure on
the Teichmu¨ller spaces as well as on the Hodge metric completion space of Torelli space,
which is a connected component of the moduli space of polarized and marked Calabi-Yau
manifolds, and thus prove the injectivity of the period map on the Torelli space and on
its Hodge metric completion space. We will give a brief review of the definitions of basic
concepts in §1, and give a sketch of the construction of holomorphic affine structures on
the Teichmu¨ller spaces in §2. In §3, we first describe the construction of the Hodge metric
completion spaces of the Torelli space, and conclude with a global Torelli theorem on the
Torelli space. One may refer to [1] for more details.
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The main purpose of this paper is to use our results to study period maps and Hodge
bundles on the Torelli space of Calabi–Yau manifolds and its Hodge metric completion
space.
In Section 4.1, we will first prove a simple but general result in Theorem 4.1 concerning
when the extended period map is a bi-holomorphic map, and apply it to give a simple
proof of the surjectivity of the extended period map on Hodge metric completion of the
Torelli space of K3 surfaces and cubic fourfolds. Such surjectivity results of the extended
period maps may be obtained for the case of hyperka¨hler manifolds with weight 2 primitive
cohomology, as well as certain refined period maps on cubic threefolds.
In Section 4.2, we let F k with 0 ≤ k ≤ n denote the Hodge bundles on the Hodge metric
completion of the Torellli space T H , and prove that all the Hodge bundles over T H for
Calabi–Yau manifolds are trivial bundles, and the trivialization can be obtained by the
canonical sections in (11). These canonical sections are explicitly constructed in Section
4.2 by using unipotent matrices in our proof of the affine structure on T H . Moreover,
let p ∈ T H be a base point with the corresponding Calabi–Yau manifolds Mp. Let ϕ(τ)
denote the Kuranishi family of Beltrami differential for the local deformation of complex
structure of a Calabi–Yau manifold Mp, and let [Ω
c
p(τ)] = [e
ϕ(τ)
yΩp] denote the local
canonical family of holomorphic (n, 0)-classes around the base point p in T H . Then we
prove that there is a global holomorphic section s0 of the Hodge bundle F
n on T H which
extends the local canonical holomorphic section [Ωcp(τ)].
In Section 4.3, we still consider the Hodge metric completion space of the Torelli space
T H of Calabi–Yau manifolds and let p ∈ T H be the base point. Let F kq denote the fiber
of the Hodge bundle F k at q for any point q ∈ T H . We show that for any two points p
and q in T H and 1 ≤ k ≤ n, we have that Hn(M,C) = F kp ⊕ F n−k+1q .
Finally we let Mq denote a compact polarized and marked Calabi–Yau manifold with
complex structure J , and Mq denote the corresponding polarized and marked Calabi–Yau
manifold with conjugate complex structure −J , then we prove that if q 6= q′ are two
distinct points in the Torelli space T ′, then Mq′ 6= Mq. Here Mq′ 6= Mq means that
the two polarized and marked Calabi–Yau manifolds can not be identical in the Torelli
space T ′. Equivalently this implies thatMq can not be deformed to its complex conjugate
manifold Mq.
We would like to thank Professors Si Li and Bong Lian for stimulating discussions and
many helpful suggestions.
1. Period maps on moduli spaces
This section is a review of basic definitions of Calabi–Yau manifolds, as well as their
moduli, Tecihmu¨ller, and Torelli spaces. Then we study the period maps on them. Basic
results about the moduli, Tecihmu¨ller, and Torelli spaces of Calabi–Yau manifolds are
briefly recalled in Section 1.1. In Section 1.2 basic properties of period maps are also
reviewed for reader’s convenience.
1.1. Moduli, Torelli and Teichmu¨ller space. A compact projective manifold M of
complex dimension n ≥ 2 is called Calabi–Yau, if it has a trivial canonical bundle and
satisfies H i(M,OM) = 0 for 0 < i < n. Let M be a Calabi–Yau manifold with dimCM =
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n. Let L be an ample line bundle over M . We call the pair (M,L) a polarized projective
manifold.
The moduli space M of polarized complex structures on a given differential manifold
X is a complex analytic space consisting of biholomorphically equivalent pairs (M,L)
of complex structures and ample line bundles. Let us denote by [M,L] the point in M
corresponding to a pair (M,L), where M is a complex manifold diffeomorphic to X and
L is an ample line bundle on M . If there is a biholomorphic map f between M and M ′
with f ∗L′ = L, then [M,L] = [M ′, L′] ∈ M. One may also look at [15] and [24] for more
details about the construction of moduli spaces of polarized projective manifolds.
Let (M,L) be a polarized Calabi–Yau manifold. We fix a lattice Λ with a pairing Q0,
where Λ is isomorphic to Hn(M0,Z)/Tor for some Calabi–Yau manifold M0 and Q0 is
defined by the cup-product. For a polarized Calabi–Yau manifold (M,L), we define a
marking γ as an isometry of the lattices
γ : (Λ, Q0)→ (Hn(M,Z)/Tor, Q).(1)
A polarized and marked projective manifold is a triple (M,L, γ) consisting of a projective
manifold M , an ample line bundle L over M , and a marking γ.
For any integerm ≥ 3, we follow the definition of Szendro¨i [20] to define anm-equivalent
relation of two markings on (M,L) by
γ ∼m γ′ if and only if γ′ ◦ γ−1 − Id ∈ m · End(Hn(M,Z)/Tor, Q),
and denote [γ]m to be the set of the m-equivalent classes of γ. Then we call [γ]m a level
m structure on the polarized Calabi–Yau manifold (M,L). For deformation of polarized
Calabi–Yau manifold with level m structure, we reformulate Theorem 2.2 in [20] to the
following theorem, in which we only put the statements we need in this paper. One can
also look at [15] and [24] for more details about the construction of moduli spaces of
Calabi–Yau manifolds.
Theorem 1.1. LetM be a polarized Calabi–Yau manifold with level m structure with m ≥
3. Then there exists a connected quasi-projective complex manifold Zm with a universal
family of Calabi–Yau manifolds, XZm → Zm, which contains M as a fiber and is polarized
by an ample line bundle LZm on XZm.
For m ≥ 3, let Tm be the universal covering space of Zm. It is proved in [1, §2] that Tm
is bi-holomorphic to Tm′ for any integer m,m′ ≥ 3. Hence we denote by T the universal
covering space of Zm for any m ≥ 3 and call T the Teichmu¨ller space of Calabi–Yau
manifolds. Let πm : T → Zm be the universal covering map. We then have the pull-back
family ϕ : U → T of XZm → Zm via the covering map πm.
Proposition 1.2. The Teichmu¨ller space T is a connected and simply connected smooth
complex manifold and the family ϕ : U → T , which contains M as a fiber, is universal at
each point of T .
We now define the Torelli space T ′ to be a component of the complex analytic space
consisting of biholomorphic equivalent triples of (M,L, γ). To be more precise, for two
triples (M,L, γ) and (M ′, L′, γ′}), if there exists a biholomorphic map f : M →M ′ with
f ∗L′ = L, f ∗γ′ = γ,
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where f ∗γ′ is given by γ′ : (Λ, Q0)→ (Hn(M ′,Z)/Tor, Q) composed with
f ∗ : (Hn(M ′,Z)/Tor, Q)→ (Hn(M,Z)/Tor, Q),
then [M,L, γ] = [M ′, L′, γ′] ∈ T ′.
More precisely we define the Torelli space as follows.
Definition 1.3. The Torelli space T ′ of Calabi–Yau manifolds is the connected component
of the moduli space of equivalent classes of polarized and marked Calabi–Yau manifolds,
which contains (M,L).
There is a natural covering map π′m : T ′ → Zm by mapping (M,L, γ) to (M,L, [γ]m).
From this we see easily that T ′ is a smooth and connected complex manifold. We can
also get a pull-back universal family ϕ′ : U ′ → T ′ on the Torelli space T ′ via the covering
map π′m.
Recall that the Teichmu¨ller space T is defined to be the universal covering space of
Zm with covering map πm : T → Zm. Then we can lift πm via the covering map
π′m : T ′ → Zm to get a covering map π : T → T ′, such that the following diagram
commutes.
(2) T
pi
!!❈
❈❈
❈❈
❈❈
❈
pim

T ′
pi′m}}④④
④④
④④
④④
Zm .
1.2. Period domain and period map. We will give a general review about Hodge
structures and period domain. One may refer to §3 in [17] for more details. For a polarized
and marked Calabi–Yau manifold M with background smooth manifold X , the marking
identifies Hn(M,Z)/Tor with a fixed lattice Λ. This gives us a canonical identification of
the middle dimensional de Rham cohomology of M to that of the background manifold
X , that is, Hn(M) ∼= Hn(X), where the coefficient ring can be Q, R or C. Since the
polarization L is an integer class, it defines a map L : Hn(X,Q) → Hn+2(X,Q), A 7→
L ∧ A. We denote by Hnpr(X) = ker(L) the primitive cohomology groups where, the
coefficient ring can also be Q, R or C. We let Hk,n−kpr (M) = H
k,n−k(M) ∩ Hnpr(M,C)
and denote its dimension by hk,n−k. We have the Hodge decomposition Hnpr(M,C) =
Hn,0pr (M)⊕ · · · ⊕H0,npr (M), such that Hn−k,kpr (M) = Hk,n−kpr (M), 0 ≤ k ≤ n. The Poincare´
bilinear form Q on Hnpr(X,Q) is defined by
Q(u, v) = (−1)n(n−1)2
∫
X
u ∧ v
for any d-closed n-forms u, v on X . Let fk =
∑n
i=k h
i,n−i, f 0 = m, and F k = F k(M) =
Hn,0pr (M) ⊕ · · · ⊕ Hk,n−kpr (M), from which we have the decreasing filtration Hnpr(M,C) =
F 0 ⊃ · · · ⊃ F n. We know that
dimC F
k = fk,(3)
Hnpr(X,C) = F
k ⊕ F n−k+1, and Hk,n−kpr (M) = F k ∩ F n−k.(4)
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In terms of the Hodge filtration, the Poincare´ bilinear form satisfies the Hodge-Riemann
relations
Q
(
F k, F n−k+1
)
= 0, and(5)
Q (Cv, v) > 0 if v 6= 0,(6)
where C is the Weil operator given by Cv =
(√−1)2k−n v for v ∈ Hk,n−kpr (M). The period
domain D for polarized Hodge structures with data (3) is the space of all such Hodge
filtrations D =
{
F n ⊂ · · · ⊂ F 0 = Hnpr(X,C) | (3), (5) and (6) hold
}
. The compact dual
Dˇ of D is Dˇ =
{
F n ⊂ · · · ⊂ F 0 = Hnpr(X,C) | (3) and (5) hold
}
. The period domain
D ⊆ Dˇ is an open subset.
Remark 1.4. We remark the notation change for the primitive cohomology groups. For
simplicity, we will use Hn(M,C) and Hk,n−k(M) to denote the primitive cohomology
groups Hnpr(M,C) and H
k,n−k
pr (M) respectively. Moreover, we will use cohomology to
mean primitive cohomology in the rest of the paper.
For the family fm : XZm → Zm, we denote each fiber byMs = f−1m (s) and F ks = F k(Ms)
for any s ∈ Zm. With some fixed point s0 ∈ Zm, the period map is defined as a morphism
ΦZm : Zm → D/Γ by
(7) s 7→ τ [γs](F ns ⊆ · · · ⊆ F 0s ) ∈ D,
where τ [γs] is an isomorphism between C−vector spaces
τ [γs] : Hn(Ms,C)→ Hn(Ms0,C),
which depends only on the homotopy class [γs] of the curve γs between s and s0. Then the
period map is well-defined with respect to the monodromy representation ρ : π1(Zm) →
Γ ⊆ Aut(HZ, Q). It is well-known that the period map has the following properties:
(1) locally liftable;
(2) holomorphic, i.e. ∂F iz/∂z ⊂ F iz , 0 ≤ i ≤ n;
(3) Griffiths transversality: ∂F iz/∂z ⊂ F i−1z , 1 ≤ i ≤ n.
Since (1) and T is the universal covering space of Zm, we can lift the period map to
Φ : T → D such that the diagram
T Φ //
pim

D
pi

Zm
ΦZm // D/Γ
is commutative. From the definition of marking in (1), we also have a well-defined period
map Φ′ : T ′ → D from the Torelli space T ′ by defining
p 7→ γ−1p (F np ⊆ · · · ⊆ F 0p ) ∈ D,
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where the triple (Mp, Lp, γp) is the fiber over p ∈ T ′ of the family ϕ′ : U ′ → T ′. Then we
have the following commutative diagram
T
pi
!!❈
❈❈
❈❈
❈❈
❈
Φ //
pim

D
piD

T ′
Φ′
<<①①①①①①①①①
pi′m
~~⑤⑤
⑤⑤
⑤⑤
⑤⑤
Zm
ΦZm // D/Γ,
(8)
where the maps πm, π
′
m and π are all natural covering maps between the corresponding
spaces as in (2).
2. Affine structures on Teichmu¨ller spaces
This section reviews our construction of the affine structure on the Teichmu¨ller spaces
of Calabi–Yau manifolds.
We will first give a general review about Hodge structures and period domain from Lie
group point of view. One may refer to [4] and [17] for more details. Let us simply denote
HC = H
n(M,C) and HR = H
n(M,R). The group of the C-rational points is GC = {g ∈
GL(HC)| Q(gu, gv) = Q(u, v) for all u, v ∈ HC}, which acts on Dˇ transitively. The group
of real points in GC is GR = {g ∈ GL(HR)| Q(gu, gv) = Q(u, v) for all u, v ∈ HR}, which
acts transitively on D as well. Then we have the following identification,
Dˇ ≃ GC/B, with B = {g ∈ GC| gF kp = F kp , for any k}.
Similarly, one obtains an analogous identification D ≃ GR/V with V = GR ∩B. The Lie
algebra g of the simple complex Lie group GC can be described as
g =
⊕
k∈Z
gk,−k, with gk,−k = {X ∈ g|XHr,n−rp ⊆ Hr+k,n−r−kp }.
It is a simple complex Lie algebra, which contains g0 = {X ∈ g| XHR ⊆ HR} as a real
form, i.e. g = g0 ⊕ ig0. With the inclusion GR ⊆ GC, g0 becomes Lie algebra of GR. The
Lie algebra b of B is then b =
⊕
k≥0 g
k,−k. By left translation via GC, b⊕g−1,1/b gives rise
to a GC-invariant holomorphic subbundle of the holomorphic tangent bundle T
1,0Dˇ. It
will be denoted by T 1,0h Dˇ. The horizontal tangent subbundle, restricted to D, determines
a subbundle T 1,0h D of the holomorphic tangent bundle T
1,0D of D. In [17], a holomorphic
mapping Ψ : M → Dˇ of a complex manifold M into Dˇ is called horizontal if at each
point of M , the induced map between the holomorphic tangent spaces takes values in the
appropriate fibre of T 1,0h Dˇ. It is not hard to see that the period map Φ : T → D is a
horizontal map with Φ∗(T
1,0
p T ) ⊆ T 1,0o,hD for any p ∈ T and o = Φ(p) ∈ D.
Let us consider the nilpotent Lie subalgebra n+ := ⊕k≥1g−k,k. Then one gets the
holomorphic isomorphism g/b ∼= n+ which also induces a metric on n+. Since D is an
open set in Dˇ, we have the following relation: T 1,0o,hD = T
1,0
o,h Dˇ
∼= b⊕ g−1,1/b →֒ g/b ∼= n+.
We take the unipotent group N+ = exp(n+). Then N+ ≃ n+ ≃ Cd for some d with
the induced Euclidean metric from n+. We remark that with a fixed base point, we can
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identify N+ with its unipotent orbit in Dˇ by identifying an element c ∈ N+ with [c] = cB
in Dˇ; that is, N+ = N+( base point ) ∼= N+B/B ⊆ Dˇ.
Let us introduce the notion of an adapted basis for the given Hodge decomposition or
the Hodge filtration. For any p ∈ T and fk = dimF kp for any 0 ≤ k ≤ n, we call a basis
ξ =
{
ξ0, ξ1, · · · , ξN , · · · , ξfk+1, · · · , ξfk−1, · · · , ξf2 , · · · , ξf1−1, ξf0−1
}
of Hn(Mp,C) an adapted basis for the given Hodge decomposition H
n(Mp,C) = H
n,0
p ⊕
Hn−1,1p ⊕ · · · ⊕ H1,n−1p ⊕ H0,np , if it satisfies Hk,n−kp = SpanC
{
ξfk+1, · · · , ξfk−1
}
with
dimHk,n−kp = f
k − fk+1. Moreover, unless otherwise pointed out, the matrices in this
paper are m ×m matrices, where m = f 0. The blocks of the m ×m matrix T is set as
follows: for each 0 ≤ α, β ≤ n, the (α, β)-th block T α,β is
T α,β = [Tij ]f−α+n+1≤i≤f−α+n−1, f−β+n+1≤j≤f−β+n−1 ,(9)
where Tij is the entries of the matrix T , and f
n+1 is defined to be zero. In particular,
T = [T α,β] is called a block lower triangular matrix if T α,β = 0 whenever α < β.
Let us fix an adapted basis {η0, · · · , ηm−1} for the Hodge decomposition of the base
point p ∈ T , then elements in N+ can be realized as nonsingular block lower triangular
matrices whose diagonal blocks are all identity submatrix. By viewing N+ as a subset of
Dˇ with the fixed base point, we define
Tˇ = Φ−1(N+ ∩D).
Let us still denote the restriction map Φ|
Tˇ
by Φ. We first prove the following important
proposition by using structure theory for the Lie groups and Lie algebras.
Proposition 2.1. The image of the restriction map Φ : Tˇ → N+ is bounded in N+ ≃ Cd
with respect to the Euclidean metric on N+.
The main idea of the proof of this theorem is as follows. First by taking the Cartan
decomposition g
R
= k0⊕ p0, we realize that the simple real Lie algebra gR in our case has
a Cartan subalgebra h0 ⊆ k0. Thus g is of the first category (cf. [18]). Then using the
result of Lemma 3 in [19] about the real semisimple Lie algebra of first category that the
maximal abelian subspace in p0 can be decomposed using the noncompact root vectors.
This decomposition along with the property that the period map is horizontal in the
sense of [17] allows us to show that Φ(Tˇ ) lies in a product of discs in N+. This argument
is a slight extension of Harish-Chandra’s proof of his famous embedding theorem of the
Hermitian symmetric domains as bounded domains in complex Euclidean spaces. One
may refer to Lemma 7 and Lemma 8 at pp. 582–583 in [6], Proposition 7.4 at pp. 385
and Ch VIII §7 at pp. 382–396 in [7], Proposition 1 at pp. 91 and Proof of Theorem 1 at
pp. 95–97 in [13], and Lemma 2.2.12 at pp. 141-142 and §5.4 in [26] for more details. Then
we apply the Griffiths transversality, together with the geometric structures of integral
variations of Hodge structures, to show that the image Φ(Tˇ ) lies in a bounded set in N+.
Moreover, since for a generic base point, its orbit of N+ is the largest Schubert cell in
Dˇ with complement a divisor, and the period map Φ is nondegenerate by local Torelli
theorm, it is not hard to show that the subset Tˇ is an open submanifold in T with the
complex codimension of T \Tˇ at least one. Then combining with the above boundedness of
Φ on Tˇ , we can apply the Riemann extension theorem to conclude the following theorem.
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Theorem 2.2. The image of the period map Φ : T → D lies in N+ ∩ D as a bounded
subset.
With the above theorem, we have T = Φ−1(N+ ∩D). Thus for any q ∈ T , Φ(q) ∈ N+
is a nonsingular block lower triangular matrix with identity diagonal blocks.
We consider an Euclidean subspace A ⊂ N+ by a = Φ∗(T1,0p T ) ⊂ n+ the Abelian
subalgebra, and A = exp(a) the corresponding Lie group, and the holomorphic map,
Ψ : Tˇ → A ∩D,
where Ψ = P ◦ Φ|Tˇ and P is the projection map from N+ ∩D to A ∩D.
Now by Theorem 2.2, we can extend the holomorphic map Ψ : Tˇ → A ∩D over T as
Ψ : T → A ∩D,
such that Ψ = P ◦ Φ.
Let us review the definition of complex affine manifolds. Let M be a complex manifold
of complex dimension n. If there is a coordinate cover {(Ui, ϕi); i ∈ I} of M such that
ϕik = ϕi◦ϕ−1k is a holomorphic affine transformation on Cn whenever Ui∩Uk is not empty,
then {(Ui, ϕi); i ∈ I} is called a complex affine coordinate cover on M and it defines a
holomorphic affine structure on M . One may refer to [12, pp 215] for more details.
By using the local Torelli theorem for Calabi–Yau manifolds (cf. [21] and [22]) and the
definition of holomorphic affine structure, we arrive at the main theorem of this section.
Theorem 2.3. The holomorphic map Ψ : T → A ∩D defines a local coordinate around
each point q ∈ T . Thus the map Ψ itself gives a global holomorphic coordinate for T with
the transition maps all identity maps. In particular, the global holomorphic coordinate
Ψ : T → A ∩D ⊂ A ≃ CN defines a holomorphic affine structure on T . Therefore, T is
a complex affine manifold.
We remark that the above construction of the holomorphic affine structure can be
adopted to polarized and marked Calabi–Yau type manifolds. One may refer to [2] for
more details.
3. Hodge metric completion space of Torelli space and a global Torelli
theorem
This section contains a review of our extension of the affine structure to the Hodge
metric completion T H of the Torelli space T ′, as well as its consequences including a
global Torelli theorem for polarized and marked Calabi–Yau manifolds.
Let us denote the period map on the smooth moduli space by ΦZm : Zm → D/Γ, where
Γ denotes the global monodromy group which acts properly and discontinuously on D.
Then Φ : T → D is the lifting of ΦZm ◦πm, where πm : T → Zm is the universal covering
map. There is the Hodge metric h on D, which is a complete homogeneous metric and is
studied in [4]. For Calabi–Yau manifolds, both ΦZm and Φ are locally injective. Thus the
pull-backs of h on Zm and T are both well-defined Ka¨hler metrics, similarly one has the
pull-back metric on the Toreli space T ′. These metrics are still called the Hodge metrics.
By the work of Viehweg in [24], we know that Zm is quasi-projective and consequently
we can find a smooth projective compactification Zm such that Zm is Zariski open in
Zm and the complement Zm\Zm is a divisor of normal crossings. Therefore, Zm is dense
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and open in Zm with the complex codimension of the complement Zm\Zm at least one.
Moreover as Zm is a compact space, it is a complete space.
Let us now take ZHm to be the completion of Zm with respect to the Hodge metric.
Then ZHm is the smallest complete space with respect to the Hodge metric that contains
Zm. Although the compact space Zm may not be unique, the Hodge metric completion
space ZHm is unique up to isometry. In particular, ZHm ⊆ Zm and thus the complex
codimension of the complement ZHm\Zm is at least one. By Lemma 2.7 in [1], we conclude
that the mectic completion ZHm is a dense and open smooth submanifold in Zm with
codimC(ZHm\Zm) ≥ 1, and ZHm\Zm consists of those points in Zm around which the so-
called Picard-Lefschetz transformations are trivial. Moreover the extended period map
ΦH
Zm
: ZHm → D/Γ is proper and holomorphic. Notice that the proof of this conclusion
uses extension of the period map as wells as the basic definitions of metric completion.
Thus T Hm is a connected and simply connected complete smooth complex manifold. We
also obtain the following commutative diagram:
T im //
pim

T Hm
piHm

ΦHm // D
piD

Zm i // ZHm
ΦH
Zm // D/Γ,
where i is the inclusion map, im is a lifting of i ◦ πm, and ΦHm is a lifting of ΦHZm ◦ πHm , and
we fix a suitable choice of im and Φ
H
m such that Φ = Φ
H
m ◦ im. Let us denote Tm := im(T )
and the restriction map Φm = Φ
H
m|Tm, then we also have Φ = Φm ◦ im. Moreover, it is not
hard to show that Φm is also bounded by Theorem 2.1. With these notations, we prove
that the image Tm equals to the preimage (πHm)−1(Zm). Therefore, Tm is a connected open
complex submanifold in T Hm and codimC(T Hm \Tm) ≥ 1. It is easy to see that ZHm \ Zm is
an analytic subvariety of ZHm , and hence the set T Hm \Tm is also an analytic subvariety of
T Hm .
Recall that in §2, we have fixed a base point p ∈ T and an adapted basis {η0, · · · , ηm−1}
for the Hodge decomposition of the base point Φ(p) ∈ D. With the fixed base point in D,
we can identify N+ with its unipotent orbit in Dˇ. Then applying the Riemann extension
theorem to the bounded map Φm : Tm → N+ ∩D, we obtain the following lemma.
Lemma 3.1. The map ΦHm is a bounded holomorphic map from T Hm to N+ ∩D.
Now we consider the composite,
ΨHm : T Hm → A ∩D,
such that ΨHm = P ◦ ΦHm, where P is the projection map from N+ ∩ D to its subspace
A ∩ D. Moreover, we also have Ψ = P ◦ Φ = P ◦ ΦHm ◦ im = ΨHm ◦ im. Then by using
Hodge bundles and the property that the holomorphic map Ψ defines the holomorphic
affine structure on T , we prove the following theorem.
Theorem 3.2. The holomorphic map ΨHm : T Hm → A ∩D is a local embedding, therefore
it defines a global holomorphic affine structure on T Hm .
Now by the completeness of T Hm with Hodge metric, ΨHm is an isometry with Hodge
metric on T Hm , and a result of Griffiths and Wolf [5], we can conclude that the holomorphic
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map ΨHm : T Hm → A ∩ D is a covering map. Using the completeness of T Hm and the
holomorphic affine structure on it, we can show that any two points in T Hm can be joined
by a straight line segment. Then the injectivity of ΨHm follows by contradiction. In fact, if
ΨHm(p) = Ψ
H
m(q) for some p 6= q, then the fact that ΨHm is an affine map would imply that
ΨHm is a constant map on the line connecting p and q. However, this contradicts to the
local injectivity of ΨHm. Moreover, as Ψ
H
m = P ◦ ΦHm, where P is the projection map and
ΦHm is a bounded map, we may conclude that Ψ
H
m is bounded as well. To conclude, we
have the following theorem, and one may refer to Section 4.3 in [1] for its detailed proof.
Theorem 3.3. For any m ≥ 3, the holomorphic map ΨHm : T Hm → A ∩D is an injection
and hence bi-holomorphic. In particular, the completion space T Hm is a bounded domain
A ∩ D in A ≃ CN . Moreover, the holomorphic map ΦHm : T Hm → N+ ∩ D is also an
injection.
The above corollary implies directly that the definition of T Hm is independent of the
choice of the level m structure.
Proposition 3.4. For any m,m′ ≥ 3, the complete complex manifolds T Hm and T Hm′ are
biholomorphic to each other.
This allows us to introduce simplified notations.
Definition 3.5. We define the complete complex manifold T H = T Hm , the holomorphic
map iT : T → T H by iT = im, and the extended period map ΦH : T H → D by ΦH = ΦHm
for any m ≥ 3. In particular, with these new notations, we have the commutative diagram
T iT //
pim

T H
piHm

ΦH // D
piD

Zm i // ZHm
ΦH
Zm // D/Γ.
Proposition 3.6. Let T0 ⊂ T H be defined by T0 := iT (T ). Then T0 is biholomorphic to
the Torelli space T ′.
The proof of Proposition 3.6 is equivalent to constructing a bi-holomorphic map π0 :
T0 → T ′, which fits into the following commutative diagram
T
pi
!!❈
❈❈
❈❈
❈❈
❈
iT //
pim

T0
pi0
}}④④
④④
④④
④④
piHm|T0

ΦH |T0 // D
piD

T ′
pi′m
~~⑤⑤
⑤⑤
⑤⑤
⑤⑤
Φ′
44✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐
Zm im // ZHm
Φ
ZHm // D/Γ.
Here the markings of the Calabi–Yau manifolds come into play substantially.
From Proposition 3.6, we can see that the complete complex manifold T H is actually
the completion space of the Torelli space T ′ with respect to the Hodge metric.
Since the restriction map ΦH |T0 is injective and Φ′ = ΦH |T0 ◦ (π0)−1, we get the global
Torelli theorem for the period map Φ′ : T ′ → D from the Torelli space to the period
domain as follows.
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Theorem 3.7 (Global Torelli theorem). The period map Φ′ : T ′ → D is injective.
Using the completeness of T H and the injectivity of ΦH , together with the function f :
D → R which is constructed in Theorem 8.1 in [4], we can construct a plurisubharmornic
exhaustion function T H . This shows that T H is a bounded domain of holomorphy in CN .
Moreover, the existence of the Ka¨hler-Einstein metric follows directly from a theorem of
Mok–Yau in [14].
Theorem 3.8. The Hodge metric completion space T H of the Torelli space T ′ is a bounded
domain of holomorphy in A ≃ CN ; thus there exists a complete Ka¨hler–Einstein metric
on T H .
We remark that we also proved such global Torelli theorem for polarized and marked
Calabi–Yau type manifolds in [2].
4. Applications
This section contains several applications of the results reviewed in the previous sec-
tions. In Section 4.1 we prove a general result for the extended period map to be a
biholomorphic map from T H , the Hodge metric completion of the Torelli space T ′ of
Calabi–Yau manifolds to the corresponding period domain; and apply this result to the
cases of K3 surfaces and cubic fourfolds. Such surjectivity results of the period maps
may be obtained for the case of polarized and marked hyperka¨hler manifolds with weight
2 primitive cohomology, as well as certain refined period maps on cubic threefolds. In
Section 4.2 we construct explicit holomorphic sections of the Hodge bundles on T H , which
trivialize those Hodge bundles. In particular, for Calabi–Yau manifolds, a global holo-
morphic section of holomorphic (n, 0)-classes on T H is constructed, which coincides with
explicit local Taylor expansion in the affine coordinates at any base point p in T H . Fi-
nally in Section 4.3 we prove a global splitting property for the Hodge bundles, as well
as a theorem asserting that a compact polarized and marked Calabi–Yau manifold with
complex structure J can not be deformation equivalent to a polarized and marked Calabi–
Yau manifolds with conjugate complex structure −J . We remark that the same results
in Sections 4.2 and 4.3 also hold on the Teichmu¨ller space with the same proofs.
4.1. Surjectivity of the period map on the Hodge metric completion space. In
this section we use our results on the Hodge metric completion space T H to give a simple
proof of the surjectivity of the period maps of K3 surfaces and cubic fourfolds. First
we have the following general result for polarized and marked Calabi–Yau manifolds and
Calabi–Yau type manifolds.
Theorem 4.1. If dim T H = dimD, then the extended period map ΦH : T H → D is
surjective on T H .
Proof. Since dim T H = dimD, the property that ΦH : T H → D is an local isomorphism
shows that the image of T H under the extended period map ΦH is open in D. On the
other hand, the completeness of T H with respect to Hodge metric implies that the image
of T H under ΦH is closed in D. As T H is not empty and that D is connected, we can
conclude that ΦH(T H) = D. 
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It is well known that for K3 surfaces, which are two dimensional Calabi–Yau manifolds,
we have dim T H = dim T = dimD = 19; for cubic fourfolds, they are Calabi–Yau type
manifolds. One knows that both K3 and cubic fourfolds have smooth moduli spaces with
level m structure for big enough m, and dim T H = dim T = dimD = 20. Thus Theorem
4.1 can be applied to conclude that that the extended period from the Hodge metric
completion of Torelli space to the period domain is surjective for polarized and marked
K3 surfaces or cubic fourfolds.
Let T ′ be the Torelli space of hyperka¨hler manifolds and H2pr(M,C) the degree 2 prim-
itive cohomology group. Let D the period domain of weight two Hodge structures on
H2pr(M,C). Then our method in [1] can be applied to prove that the period map from
T ′ and D is injective. Moreover, we also know that the Hodge completion space T H of
the Torelli space has the same dimension as the period domain D of weight two Hodge
structures on H2pr(M,C). Thus Theorem 4.1 can also applied to conclude that the ex-
tended period map from T H to D is surjective. One may refer to [23] and [9] for different
injectivity and surjectivity results for hyperka¨hler manifolds. To conclude we have the
the following corollary.
Corollary 4.2. Let T H be the Hodge metric completion space of the Torelli space for
K3 surfaces, cubic fourfolds, or hyperka¨hler manifolds. Then the extended period map
ΦH : T H → D is surjective.
4.2. Global holomorphic sections of the Hodge bundles. In this section we prove
the existence and study the property of global holomorphic sections of the Hodge bundles
{F k}nk=0 over the Hodge metric completion space T H of the Torelli space of Calabi–
Yau manifolds. Same results hold on the Techmu¨ller space by pulling back through the
covering map iT : T → T H .
Recall that we have fixed a base point p ∈ T H and an adapted basis {η0, · · · , ηm−1}
for the Hodge decomposition of the base point ΦH(p) ∈ D. With the fixed base point in
D, we can identify N+ with its unipotent orbit in Dˇ by identifying an element c ∈ N+
with [c] = cB in Dˇ. On one hand, as we have fixed an adapted basis {η0, · · · , ηm−1}
for the Hodge decomposition of the base point. Then elements in GC can be identified
with a subset of the nonsingular block matrices. In particular, the set N+ is identified
with its unipotent orbit in Dˇ. Then elements in N+ can be realized as nonsingular block
lower triangular matrices whose diagonal blocks are all identity submatrix. Namely, for
any element {F ko }nk=0 ∈ N+ ⊆ Dˇ, there exists a unique nonsingular block lower triangular
matrices A(o) ∈ GC such that (η0, · · · , ηm−1)A(o) is an adapted basis for the Hodge
filtration {F ko } ∈ N+ that represents this element in N+. Similarly, any elements in
B can be realized as nonsingular block upper triangular matrices in GC. Moreover, as
Dˇ = GC/B, we have that for any U ∈ GC, which is a nonsingular block upper triangular
matrix, (η0, · · · , ηm−1)A(o)U is also an adapted basis for the Hodge filtration {F k(o)}nk=0.
Conversely, if (ζ0, · · · , ζm−1) is an adapted basis for the Hodge filtration {F ko }nk=0, then
there exists a unique U ∈ GC such that (ζ0, · · · , ζm−1) = (η0, · · · , ηm−1)A(o)U . For any
q ∈ T H , let us denote the Hodge filtration at q ∈ T H by {F kq }nk=0, then we have that
{F kq }nk=0 ∈ N+ ∩D by Theorem 3.3. Thus there exists a unique nonsingular block lower
triangular matrices A˜(q) such that (η0, · · · , ηm−1)A˜(q) is an adapted basis for the Hodge
filtration {F kq }nk=0.
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On the other hand, for any adapted basis {ζ0(q), · · · , ζm−1(q)} for the Hodge filtration
{F kq }nk=0 at q, we know that there exists an m × m transition matrix A(q) such that
(ζ0(q), · · · , ζm−1(q)) = (η0, · · · , ηm−1)A(q). Moreover, we set the blocks of A(q) as in (9)
and denote the (i, j)-th block of A(q) by Ai,j(q).
As both (η0, · · · , ηm−1)A˜(q) and (η0, · · · , ηm−1)A(q) are adapted bases for the Hodge
filtration for {F kq }nk=0, there exists a U ∈ GC which is a block nonsingular upper triangular
matrix such that (η0, · · · , ηm−1)A˜(q)U = (η0, · · · , ηm−1)A(q). Therefore, we conclude that
A˜(q)U = A(q).(10)
where A˜(q) is a nonsingular block lower triangular matrix in GC with all the diagonal
blocks equal to identity submatrix, while U is a block upper triangular matrix in GC.
However, according to basic linear algebra, we know that a nonsingular matrix A(q) ∈
GC have the decomposition of the type in (10) if and only if the principal submatrices
[Ai,j(q)]0≤i,j≤n−k are nonsingular for all 0 ≤ k ≤ n.
To conclude, by Theorem 3.3, we have that ΦH(q) ∈ N+ for any q ∈ T H . Therefore,
for any adapted basis (ζ0(q), · · · , ζm−1(q)), there exists a nonsingular block matrix A(q) ∈
GC with det[A
i,j(q)]0≤i,j≤n−k 6= 0 for any 0 ≤ k ≤ n such that (ζ0(q), · · · , ζm−1(q)) =
(η0, · · · , ηm−1)A(q). Let {F kp }nk=0 be the reference Hodge filtration at the base point p ∈
T H . For any point q ∈ T H with the corresponding Hodge filtrations {F kq }nk=0, we define
the following maps
P kq : F
k
q → F kp for any 0 ≤ k ≤ n
to be the projection map with respect to the Hodge decomposition at the base point p.
With the above notation, we therefore have the following lemma.
Lemma 4.3. For any point q ∈ T H and 0 ≤ k ≤ n, the map P kq : F kq → F kp is an
isomorphism. Furthermore, P kq depends on q holomorphically.
Proof. We have already fixed {η0, · · · , ηm−1} as an adapted basis for the Hodge decompo-
sition of the Hodge structure at the base point p. Thus it is also the adapted basis for the
Hodge filtration {F kp }nk=0 at the base point. For any point q ∈ T H , let {ζ0, · · · , ζm−1} be
an adapted basis for the Hodge filtration {F kq }nk=0 at q. Let [Ai,j(q)]0≤i,j≤n ∈ GC be the
transition matrix between the basis {η0, · · · , ηm−1} and {ζ0, · · · , ζm−1} for the same vector
space Hn(M,C). We have showed that [Ai,j(q)]0≤i,j≤n−k is nonsingular for all 0 ≤ k ≤ n.
On the other hand, the submatrix [Ai,j(q)]0≤j≤n−k is the transition matrix between the
bases of F kq and F
0
p for any 0 ≤ k ≤ n, that is
(ζ0(q), · · · , ζfk−1(q)) = (η0, · · · , ηm−1)[Ai,j(q)]0≤j≤n−k for any 0 ≤ k ≤ n,
where (ζ0(q), · · · , ζfk−1(q)) and (η0, · · · , ηm−1) are the bases for F kq and F 0p respectively.
Thus the matrix of P kq with respect to {η0, · · · , ηfk−1} and {ζ0, · · · , ζfk−1} is the first
(n − k + 1) × (n − k + 1) principal submatrix [Ai,j(q)]0≤i,j≤n−k of [Ai,j(q)]0≤i,j≤n. Now
since [Ai,j(q)]0≤i,j≤n−k for any 0 ≤ k ≤ n is nonsingular, we conclude that the map P kq is
an isomorphism for any 0 ≤ k ≤ n.
From our construction, it is clear that the projection P kq depends on q holomorphically.

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Using this lemma, we are ready to construct the global holomorphic sections of Hodge
bundles over T H . For any 0 ≤ k ≤ n, we know that {η0, η1, · · · , ηfk−1} is an adapted
basis of the Hodge decomposition of F kp for any 0 ≤ k ≤ n. Then we define the sections
si : T H → F k, q 7→ (P kq )−1(ηi) ∈ F kq for any 0 ≤ i ≤ fk − 1.(11)
Lemma 4.3 implies that {(P kq )−1(ηi)}f
k−1
i=0 form a basis of F
k
q for any q ∈ T H . In fact, we
have proved the following theorem for polarized and marked Calabi–Yau manifolds.
Theorem 4.4. For all 0 ≤ k ≤ n, the Hodge bundles F k over T H are trivial bundles, and
the trivialization can be obtained by {si}0≤i≤fk−1 which is defined in (11). In particular,
the section s0 : T H → F n is a global nowhere zero section of the Hodge bundle F n for
Calabi–Yau manifolds.
With the adapted basis at the base point p ∈ T H , we can also see Φ∗(T1,0p (T )) = a ⊂ n+
as a block lower triangle matrix whose diagonal elements are zero. Moreover by local
Torelli theorem for Calabi–Yau manifolds, we can conclude that a is isomorphic to its
(1, 0)-block as vector spaces, see (9) for the definition. Let (τ1, · · · , τN)T be the (1, 0)-
block of a. Sine the affine structure on A is induced by exp : a → A which is an
isomorphism, (τ1, · · · , τN )T also defines a global affine structure on A, and hence on T H .
We denote it by
τH : T H → CN , q 7→ (τ1(q), · · · , τN(q)).
Note that from linear algebra, it is easy to see that the (1, 0)-block of A = exp(a) is still
(τ1, · · · , τN)T . Hence the affine map defined as above can be constructed as the (1, 0)-
block of the image of the period map. To be precise, let P 1,0 : N+ → CN be the projection
of the matrices in N+ onto their (1, 0)-blocks. Then the affine map is
τH = P 1,0 ◦ ΦH : T H → CN .
Moreover τH is injective, and hence it defines another embedding of T H into CN .
By using the local deformation theory for Calabi–Yau manifolds in [22], Todorov con-
structed a canonical local holomorphic section of the line bundle F n over the local defor-
mation space of a Calabi–Yau manifold. In fact, let Ωp be a holomorphic (n, 0)-form on
the central fiber Mp of the family. Then there exists a coordinate chart {Up, (τ1, · · · , τN )}
around the base point p and a basis {ϕ1, · · · , ϕN} of harmonic Beltrami differentials
H0,1(Mp, T
1,0Mp), such that
Ωcp(τ) = e
ϕ(τ)
yΩp,(12)
is a family of holomorphic (n, 0)-forms over Up. We can assume this local coordinate chart
is the same as the affine coordinates at p we constructed as above, which can be achieved
simply by taking p as the base point. The Kuranishi family of Beltrami differentials
ϕ(τ) satisfyies the integrability equation ∂ϕ(τ) = 1
2
[ϕ(τ), ϕ(τ)] and the gauge condition
∂
∗
ϕ(τ) = 0 which is solvable for Calabi–Yau manifolds by the Tian-Todorov lemma,
and the Taylor expansion ϕ(τ) =
∑N
i=1 ϕiτi + O(|τ |2) converges for |τ | small by classical
Kodaira-Spencer theory. Then one may conclude the following lemma, and the detailed
proof of the following lemma can be found in [1, pp.12–14], or [11, Proposition 5.1].
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Lemma 4.5. Let Ωcp(τ) be a canonical family defined by (12). Then we have the following
section of F n over Up,
[Ωcp(τ)] = [Ωp] +
N∑
i=1
τi[ϕiyΩp] + A(τ),(13)
where {[ϕiyΩp]}Ni=1 give a basis of Hn−1,1(Mp), and
A(τ) = O(|τ |2) ∈
n⊕
k=2
Hn−k,k(Mp)
denotes terms of order at least 2 in τ .
Using the same notation as in Lemma 4.5, we are ready to prove the following theorem
for Calabi–Yau manifolds,
Theorem 4.6. Choose [Ωp] = η0, then the section s0 of F
n is a global holomorphic
extension of the local section [Ωcp(τ)].
Proof. Because both s0 and [Ω
c
p(τ)] are holomorphic sections of F
n, we only need to show
that s0|Up = [Ωcp(τ)]. In fact, from the expansion formula (13), we have that for any
q ∈ Up
P nq ([Ω
c
p(τ(q))]) = [Ωp] = η0.
Therefore, [Ωcp(τ(q))] = (P
n
q )
−1(η0) = s0(q) for any point q ∈ Up. 
Example 4.7. Let T H be the Hodge completion of the Torelli space of hyprka¨hler manifold,
and (τ1, · · · , τN) be global affine coordinates with respect to the reference point p and an
orthonormal basis {η1, · · · , ηN} of H1,1pr (Mp), then
[Ωcp(τ)] = [Ωp] +
19∑
i=1
τiηi +
(
1
2
19∑
i=1
τ 2i
)
[Ωp],
is a global holomorphic section of F 2 over T H . In fact, in this case, T H is bi-holomorphic
to D given by the period map as discussed in Section 4.1, and the affine structure on
T H is induced from the affine structure on D by the Harish-Chandra embedding of D
into the complex Euclidean space. The global affine coordinates on T H is induced by the
Harish-Chandra embedding.
Note that although we state and prove the results in this section over the completion
space T H , by pulling back through the covering map iT , we see that these results still
hold on the Teichmu¨ller space T .
4.3. A global splitting property of the Hogde bundles. In this section, we will
directly construct globally defined anti-holomorphic vector bundles F˜ k over T H , such
that the vector space Hn(M,C) splits as
Hn(M,C) = F kp ⊕ F˜ kq for any q ∈ T H ,
where p is the base point in T H . Then as an application, in Theorem 4.11 we prove that
any two fibers of the universal family ϕ′ : U ′ → T ′ over the Torelli space T ′ ⊂ T H can
not be complex conjugate manifolds of each other. The construction of vector bundles F˜ k
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is again based on Lemma 4.3. Let us denote F˜ k = F n−k+1 for each 0 ≤ k ≤ n. Then we
have the following equivalent lemma.
Lemma 4.8. For any q ∈ T H and 1 ≤ k ≤ n, we have that Hn(M,C) = F kp ⊕ F n−k+1q .
Moreover, for any different points q and q′ on T H , and 1 ≤ k ≤ n, we have Hn(M,C) =
F kq ⊕ F n−k+1q′ .
Proof. Firstly, the decomposition Hn(M,C) = F kp ⊕ F n−k+1p follows from the definition
of the Hodge structure for any 0 ≤ k ≤ n. Secondly Lemma 4.3 implies that P n−k+1q :
F n−k+1q → F n−k+1p is an isomorphism for any q ∈ T H and any 0 ≤ k ≤ n. Therefore
F kp ∩ F n−k+1q = {0} as the projection from F kp to F n−k+1p is a zero map.
On the other hand, dimF kp + dimF
n−k+1
q = dimF
k
p + dimF
n−k+1
p = dimH
n(M,C), so
we have that
Hn(M,C) = F kp ⊕ F n−k+1q .

Because the reference point p is an arbitrary prefixed point on T ′, and the Hodge
filtration at each point does not depend on the choice of the reference point, Lemma 4.8
actually implies,
Corollary 4.9. For any different points q and q′ on T ′, and 1 ≤ k ≤ n, we have
Hn(M,C) = F kq ⊕ F n−k+1q′ .
Theorem 4.10. The vector bundles {F˜ k}nk=0 are globally defined anti-holomorphic vector
bundles over T H such that Hn(M,C) = F kp ⊕ F˜ kq for any q ∈ T H .
Now we let M be a complex manifold with background differential manifold X and
complex structure J : TRX → TRX , then the complex conjugate manifoldM is a complex
manifold with the same background differential manifold X and with conjugate complex
structure −J . In fact, M and its complex conjugate manifold M satisfy the relation
T 1,0M = T 0,1M and T 0,1M = T 1,0M .
Problems regarding deformation inequvalent complex conjugated complex structures
have been studied before. For example one may find interesting results in [10]. We will
apply our results to study such problem for polarized and marked Calabi–Yau manifolds.
In fact, another interesting application of Lemma 4.8 is that a polarized and marked
Calabi–Yau manifold M can not be connected to its complex conjugate manifold M by
deformation of complex structure. In fact, for any two points q and q′ in the Torelli space
T ′, let Mq and Mq′ denote the fibers of the universal family ϕ′ : U ′ → T ′ over the points
q and q′ respectively. Then we have the following theorem.
Theorem 4.11. If q and q′ are two points in the Torelli space T ′, then Mq′ 6= Mq.
Proof. We prove this theorem by contradiction. SupposeMq′ = Mq, and let Ω be an (n, 0)
holomorphic form on Mq, then Ω is a (n, 0) holomorphic form on Mq′ = Mq. Therefore
the fibers of Hodge bundles over the two points satisfy F nq = F
n
q′ ⊂ F 1q′ , therefore
Hn(M,C) 6= F nq ⊕ F 1q′ .
But this contradicts to Corollary 4.9, so Mq′ 6= Mq as desired. 
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The same result also holds on the Teichmu¨ller space.
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